Integration 1

Jakob Bernoulli was a Swiss
mathematician born in Basel,
Switzerland, on 27 December 1654.
Along with his brother, Johann, he is
considered to be one of the most
important researchers of calculus after
Newton and Leibniz. Jakob studied
theology at university, but during this
time he was studying mathematics and

astronomy on the side, much against
the wishes of his parents. After Jakob Bernoulli

graduating in theology he travelled

around Europe and worked with a number of the great mathematicians of the time.
On return to Basel, it would have been natural for him to take an appointment in the
church, but he followed his first love of mathematics and theoretical physics and took
a job at the university. He was appointed professor of mathematics in 1687 and, along
with his brother, Johann, started studying Leibniz’s work on calculus. At this time
Leibniz’s theories were very new, and hence the work done by the two brothers was at
the cutting edge. Jakob worked on a variety of mathematical ideas, but in 1690 he
first used the term “integral” with the meaning it has today. Jakob held the chair of
mathematics at the university in Basel until his death in 1705. Jakob had always been
fascinated by the properties of the logarithmic spiral, and this was engraved on his
tombstone along with the words “Eadem Mutata Resurgo” which translates as “I shall
arise the same though changed.”

14.1 Undoing differentiation F

In Chapters 8-10 we studied differential calculus and saw that by using the techniques
of differentiation the gradient of a function or the rate of change of a quantity can be
found. If the rate of change is known and the original function needs to be found, it is
necessary to “undo” differentiation. Integration is this “undoing”, the reverse process
to differentiation. Integration is also known as anti-differentiation, and this is often the
best way of looking at it.

dy

If PVl 2x, what is the original function y?

This is asking what we started with in order to finish with a derived function of 2x.
Remembering that we differentiate by multiplying by the power and then subtracting
one from the power, we must have started with x°.

d
Similarly, if d—); = 4, then this must have started as 4x.
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Find the original function.

dy dy dy dy _
1dX—5 2 dX—1O 3 i 2 4dX—4X
¥_ Y5 Y & _
5 dX—12x 6 dx—3x 7 dX—4x 8 dX—Sx4
d dy
Y _ 52 a _ -
9 dx 9x 10 dx 4x

Looking at the answers to Exercise 1, we can form a rule for anti-differentiation.

If we describe the process of “undoing” differentiation for this type of function, we
could say “add 1 to the power and divide by that new power”.

In mathematical notation this is

+1
This symbol means “the | —> Jx” dx =
integral of”.

This means “with
respect to x” — the
variable we are
concerned with.

14.2 Constant of integration

d
Again consider the situation of d—}; = 4. Geometrically, this means that the gradient of

the original function, y, is constant and equal to 4.

So y=4x+ c (cis the y-intercept of the line from the general equation of a line
y =mx+ C).

Consider the lines y = 4x — 3,y = 4x and y = 4x + 5.

d
For each line dii =4 (as the gradient is 4 each time). Remember that, when
differentiating, a constant “disappears” because the gradient of a horizontal line is zero

or alternatively the derivative of a constant is zero.

So J4dx=4x+c.
Unless more information is given (a point on the line), then the value of ¢ remains
unknown. So any of the lines below could be the original function with % = 4. In fact
there are an infinite number of lines that could have been the original function.

yh y=4+2

y=4x+1
y=4dx

y=dx—2
0
/\
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This “c" is called the constant of integration. It must be included in the answer of any
integral, as we do not know what constant may have “disappeared” when the function
was differentiated.

o dy
F|ndy|fa—8x.

y=j8xdx=4x2+c

| Example _J R

Find me — 7dx. We established in
Chapter 8 that a function

So J10x — 7dx = J10x dx + j—7 dx could be differentiated
“term by term”. In a

similar way, this can be
integrated term by term.

J1Ox—7dx=5x2—7x+c

So
-

Integrate 8x2 + xi.

3 4 7
JSXZ +xdx=—-8""+ X+ c

The coefficient of a term has no effect on the process of integration, and so a constant
can be “taken out” of the integral. This is demonstrated in the next example.

| Example _J R

) . d 2 1 . . .
Find the solution of d—y = §x ’. This is asking to find y
X by integrating.
So
2
= |— zd
y jgx X
2
=—(x3d
y 9Jx X
2344 ¢
Y7972
LI
y=3

- J

As with the expressions differentiated in Chapters 8-10, it is sometimes necessary to
simplify the function prior to integrating.
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2 _ 5 dy X -5 dy 43 -7 dy 7% — 6x
Find JX XdX. 24 F_X - 25 a_ax - /X 26 7=71X
3Vx dx X dx Vx dx 3%
sz — 5 Find y by integrating with respect to the relevant variable.
dx
d 12 d 5 d 1
3V The integral sign and the dx 27 dl =— 28 di/; = 8k* 29 é = 23(22 - 22>
= 1JX—%(X2 — x°) dx remain until the integration is PP
3 performed. dy (t+ 3)? dy  Vi-4af
1 3 9 30 _— = 31 2 =
3
2. 2 . The ¢ can remain outside all . . . .
= 3[5 ? - 11X2} +c brackets as it is an arbitrary 14.3 Initial conditions
constant and so, when . . . . .
2 s 2 a e In all of the integrals met so far, it was necessary to include the constant of integration,
= v - " 4 multiplied by another constant, . ) S o e
33 i+ is <till a constant. ¢. However, if more information is given (often known as initial conditions), then the

/
-

value of ¢ can be found. q
Consider again the example of d—); = 4. If the line passes through the point (1, 3) then

¢ can be evaluated and the specific line found.

J

dy
Find id So v 4
I p? p- Here p is the variable and so
the integral is with respect to p. =y= J4 dx
4
jpzd’o =y=4x+c
, Since we know that when x =1,y = 3 these values can be substituted into the

= J4p dp equation of the line.

= —4p '+ ¢ So 3=4X1+c
=c= -1

=—+c

\ p / The equation of the lineis y = 4x — 1.

When the value of ¢ is unknown, this is called the general solution.

Integrate these expressions. m \
3

1 2x— 1 2 X 3 x 4 X 5
. y . .
5 62— 5 6 8 + 4Ax — 3 7 52— 4 8 x2 Given that the curve passes through (2, 3) and v 2x — 1, find the equation
i 2 of the curve.
9 x 10 x: 11 7 —4x3
Find these integrals. -
-3 6 _ 24,3
12 Jx dx 13 JZX 5x* dx 14 Js)@ 4x73 dx Sy J2x— 1 dx
6
15 J4X3+4X—9dX 16 J1—2X+6X2—X3dx 17 Jx3dx =y=xX-x+c
Find the solution of these. Using(2,3) =3=1"—-1+c
d 2 d 1 d 3 =c=3
18 F -2 19 L= \Vx-—~ 20 X -g-2
dx x dx % dx X3

@ the equation of the curve is y = x> — x + 3. /
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m ™ 14.4 Basic results

Considering the basic results from differentiation, standard results for integration can
Find P given that dp 1 and P =7 when t = 100 now be produced. For polynomials, the general rule is:
dt /¢
o _ 1 _
dt /¢
1
—~p= j1dt However, consider dex = Jx” dx.
Vi i
L Using the above rule, we would obtain Xf, but this is not defined. However, it is known
=P=|tzdt 0
d 1
=>P=2t%+c that &('ﬂX)—;.
Since P =7 when t= 100, 7=2V100 + ¢
=c=-13
Hence P = 2t* — 2 , o y _
\ence ! 3 / Remembering that In x is defined only for positive values of x, we recognize that

1 . 1. .
dex = Injx + ¢, taking the absolute value of x. As 2 defined for all xeR, x # 0

. 1 L .
integrate — for all values of x for which it is defined.
Given the gradient of each curve, and a point on that curve, find the equation X

e ‘ _
d
1 Y2628

dx

When differentiating sine and cosine functions the following diagram was used and is

2 d = 4x,(1,5) now extended:
dx
S
dy
3 dx B —3.(-24) Differentiate _(; Integrate
d
4£=—A+5%® —C
The integrals of other trigonometric functions can be found by reversing the basic rules
5 % =43 -6 +7,(1,9) for differentiation, and will be discussed further in Chapter 15.
Y4+ 8 Standard resul
6 L =4+ 5 (4 tandard results
7 y_8 (9,2) Function Integral + ¢
de VX
ft0) [0 0x
Find the particular solution, using the information given.
Xn+1
dy 4 5 xX'(n# —=1) T
SEztz(t—3t—4),y=6whent=1 n
do P - 4ps % In x
9 —=———0=2when p=0 X X
do 3Vp P e e
sin x —C0S X
COS X sin x
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L Example g )  Example g )

Integrate sin x — €e*.

Find Jcos 3x dx.

jsin X — e‘dx S
= —cosx — & + ¢ / Using Diff _CS Int this begins with sin 3x.
—C

Balancing to obtain cos 3x when differentiating

J

1
:>Jc053xdx=3sin 3x + ¢

3
Integrate " + 4 cos x. \

Ji+4cosxdx @ N\

=3Inx +4sinx + ¢
\ a / Find j6e4x dx.

. _ d

Integrate these functions. 50J694X dx = 6f94x dx
2 . 5
1 X8 —= 2 4e* +sinx 3 =~ —cosx T 4
X X =6 Ze +cC
3
4 6sinx— 6x* 5 —8sinx + 7€ 6 5¢—2sinx+— 3.,
X = Ee X+ C
X 5 X
7e———+7sinx 8e——15\/);+cosx \ /
3 2x 15
14.5 Anti-chain rule " Example 3 N
When functions of the type (2x — 1)°, e* and sin<2x - ;T) are differentiated, the dy 1 -
Find y given that o 3x—a_ sin<4x - 2>.
chain rule is applied. The chain rule states that we multiply the derivative of the outside X X
function by the derivative of the inside function. So to integrate functions of these types
we consider what we started with to obtain that derivative. So y = J3X1_ i sin<4x - ;’) dx
3x — 4
dy , d 3
— = (2x — 1) Find y. i i _ 4 _ap = .
dx we recognize that this comes from In|3x — 4| as dX(In|3x 4) 3 — 4
— 1 1
S0 y = J(ZX = 1)%dx So y = gIni3x — 4 + 4cos<4x - 72T> +c
When integrating, 1 is added to the power, so y must be connected to
(2x — 1)*. Since we multiply by the power and by the derivative of the inside For these simple cases of the “anti-chain rule”, we divide by the derivative of the
function when dif‘ferentiating’ we need to balance this when fmdmg V. inside function each time. With more complicated integrals, which will be met in
the next chapter, this is not always the case, and at that point the results will be
So y= l-l(ZX - 1)*+c formalized. This is why it is useful to consider these integrals as the reverse of
4 2 differentiation.
: \ J
=>y=§(2x— N*+ ¢
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_ A =(37-3)-(22-2) 1
=6-2

=6+c—2-c

de~ > dx \_= 4 J

Find y if: \
y_ y_ 1 y_  Bamele

Find these integrals. =4
. . 1 There is no constant of integration used here. This is because it cancels itself out
1 Jsm 5x dx 2 Jcos 6x dx 3 fsm 2x dx 4 Jsmzx dx and so does not need to be included.
3
5 J8c054xdx 6 j—6sm 3xdx 7 f—Scostdx 8 Jeﬁxdx [xz—x+c}
2
9 Jesx dx 10 j4e4x dx 1 fSthdt 12 J—Seep dp =(3*-3+0)—-(2°-2+0)

13 J8x—e2xdx 14

15 T x—3 16 T+ 17 ™ 2x—5 4

dy 5 dy 6 dy 3 J(Zx-— 3)2 dx

— = — e i— — _— = =+
18 = (x-1) 19 = (4x-7) 20 - = (4x+3) 0

dy dy 4 dy 3 4
21 —=(3 - 2)* 2 —=—— 23 L - >

ax X) dx  (3x—2)3 dt (2t —1)? N [1(2)( —~ 3)3}

d d d 0
2q ¥Y__4 35 ¥Y__° %6 ¥Y_ 8 1 1

dx 3x — 1 dx 3x—5 dp 4 — p — *(8 _ 3)3 _ ((O _ 3)3>
27 % _ 3 6 6

dt 6t _125 27
Integrate these functions. 6 6

, B 152
28 6e¥ 29 sin 3x — 4x 30 4e ¥ — 4 cos 2x S
2
+ + 4)° 2 —

31 X — 1 B3x + 4) 32 ox 3+ 2 _ E

14.6 Definite integration

Definite integration is where the integration is performed between limits, and m \

this produces a numerical answer.

AJ sin 2x + 1 dx
Upper limit (x = b) 0
b / ks
A definite integral is of the form Jf(x) dx When a definite integral = [—cos 2x + Xi|
] is created, the lower y To differentiate trigonometric
e - _ limit is always smaller 1 o 1 functions, we always use
Lower limit (x = a) than the upper limit. = <—2c052 + 4) - (—Zcos 0+ 0) radians, and the same is true
in integration.
a 1
\ =2 4
“llg!HM!..' 4772
3 This notation means that the _mt2
2x — 1 dx integration has taken place. 4
J The two values are now \ /
2 substituted into the function
3
_ [XZ _ x} and subtracted.
Y 2 Y




14 Integration 1 14 Integration 1

a
Je“x dx wherea > 2
2

Find the value of these definite integrals

2

1 JZxdx

1
2

4 J8x — 4% dx

0

7 |e¥dx

C— w

10 J sin 3x dx
0

3
2 j6x2 dx

2
3
4
5 |—=d
szx
2

8 |4e¥dx

Noe——— s

T

11 J cos 26 do
0

4
3 JS dx

0

-1

6

6 —d

Jx3 X

-3

1
9 J2e4xdx

-2

T

12 Jcos3t—6dt
0

Although there is no value for
the upper limit, an answer
can still be found that is an
expression in a.

\ 3 0 2
w 13 J(Zx— 1)% dx 14 J(3x— 1)% dx 15 J(B — 2x)* dx
2 5 0 -2 -1
J X — 4dX 4 -1 5
-2 2 3 1
16 [——=d 17 —d 18 d
2 f(2x—1)3 X J(3x—4)2 X J2x—1 X
= [2Inx—4|} ! -2 2
-2
= 2Inj-2|-2 In|—6| : ri , 3
—2In2-2In6 19 J3X_4dX 20 JHdT 21 J6,O—4p+1d,0
2 -4 1
=In4 —1n36 An answer could have b P
int been approximated earlier, 22 J sin 4x — 6x dx 23 J 4 dx
n36 but if an exact answer E ) 2x + 1
1 were required, this form P
= |”§ would need to be given.
14.7 Geometric significance of integration |

When we met differentiation, it was considered as a technique for finding the gradient
of a function at any point. We now consider the geometric significance of integration.

5

Consider JS dx.
1
5
jB dx
1

5
|7
1
=15-3
=12

y=3

This is the same as the area enclosed by the function, the x-axis and the vertical lines

x =1 and x = 5.

This suggests that the geometric interpretation of integration is the area between the

curve and the x-axis.

Consider y = 3x2.

In the previous example where y = 3, it was easy to find the area enclosed by the
function, the x-axis and the limits. However, to find the area under a curve is less obvious.
This area could be approximated by splitting it into rectangles.

Remember the limits

are values of x.
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y With the boundary conditions, .
€ can now be ignored.
2t y =3x2
A=1X3+1X12 . .
= 15 square units accurate approximation, for finding the area
3+ so to make it more betweer) the curve and
0 12 3 x accurate thinner s b the x-axis.
rectangles are used. i Sy —
Hence lim. Xzay &x = |ydx.
a
Four rectangles would make this more accurate. ThIS now shows more formally that the geometrlc significance of integration is that it So the J sign actually means
finds the area between the curve and the x-axis.
1 127 1 175 _ . _ _ o " Py
y A= 5 X 3+ 5 X v + 5 X 12 + 5 X W If the two notations for summation are compared, we find that sigma notation is used sum of” (itis an elongated S).
for a discrete variable and that integral notation is used for a continuous variable.
81
A=— 3 ’ T
4 3¢ and ngz dx This is the sum of a
. continuous variable.
1
3
-]
This is a sum of a 1

=27 —1 The area required is

discrete variable. 26 square units.

= 26

-<I» )

4
Find the area given by JZX - 1dx.
2

As the rectangles become thinner, the approximation becomes more accurate.

1 S 3 x 4
JZX - 1dx
This can be considered in a more formal way. Each strip has width 8x with height y and 3
area 6A. 4
e
SO 8A = y. ox 2
=SA= A =(16-4)-(4-2)
=A= Dy =12-2
= 10 square units
As 6x gets smaller, the approximation improves y=2x—1
. x=b y
andso A = lim Zayax.
Now y = —
== dm, 5 e
dA .
=y = ™ Limits are needed here to
A specify the boundaries
Integrating gives Jy dx = dedx = JdA =A+c of the area. Y T

386 387
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| Example _J R

A

A This integration can be performed on a calculator. Although a calculator 4
cannot perform calculus algebraically, it can calculate definite integrals.
This is shown in the diagram below, and we find the area is still 10 square
units.

TRoode=1l

- /

Find the area enclosed by y = cos 2x and the x axis, between x =% and

X:E.

T

A= ZJCOSZXdX

T

1 3
= [ZSIH 2X:|er ll’./-a\l.t III('/
= lsin — lsin T . U
PR Rk _

=0—-= JECEagw=-.k

The answer to this definite integral is negative. However, area is a scalar quantity
(it has no direction, only magnitude) and so the area required is 5 square unit.

As the negative sign has no effect on the area, the area can be considered to be
b

Jf(x) dx
a

is done using the absolute value sign or whether we do the calculation and then
ignore the negative sign at the end does not matter. As can be seen from the
graph, the significance of the negative sign is that the area is contained below
the x-axis.

the absolute value of the integral. So A = . Whether the calculation

- /

Some definite integration
questions require the use of
a calculator. Where an exact
value is required, one of the
limits is a variable or the
guestion is in a non-calculator
paper, algebraic methods
must be employed.

1
Find the area given by J ;dx.

-1

-2
-1

A= J1dx
X

-2

1

o

= [In|=1] = In|=2] i
=[n1—1In2| JPOxadx= - a9147e
= |-In 2|

= 0.693

Q) the required area is 0.693 square units.

/

1

1
It should be noted that it is actually not possible to find the area given by J ;dx as

=2

there is a vertical asymptote at x = 0. It is not possible to find the definite integral over

an asymptote of any curve, as technically the area would be infinite.

This example also provides another explanation for the need for the modulus signs in

1 . . . .
dex = Inlx|. Although logarithms are not defined for negative values of x, in order to

. _ 1 . . .
find the area under a hyperbola like y = ¥ which clearly exists, negative values need to

be substituted into a logarithm, and hence the absolute value is required. This was

shown in the above example.

Find the area enclosed by y = —(2x — 1)? + 4 and the x-axis.

First the limits need to be found.

\

14 Integration 1
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>

\ These are the roots of the graph (they can be found algebraically or by using a 1
calculator)

~2x—-1)2+4=0

=2x—1=42

:x——l orx—E
2 2

So the area is given by

J —(2x— 1)* + 4 dx

’ SRR x=E E2 5235

N J

Exercise 7

Find the area given by these definite integrals.

6 3 3
1 J8dx 2 J2x+3dx 3 J'6x2—1dx
2 0 i
2 T 2
4 j(3x — 2)*dx 5 J sin x dx 6 Jex dx
0 0 0
4 5 -2
7 j4dx 8 j 2 dx 9 J3X—2dX
X 2x + 3
1 2 —4
-2 1 i
4 3
10 J dx 11 jezx‘1 — 4x dx 12 Jcos 3x + 4x dx
2x + 1 s
—4 0

Find the area enclosed by the curve and the x-axis.
13 y=x*+2 andthelines x=1and x =4
14 y =e% andthelines x = —2 and x = 1

15 y = sinx andthelines x=0 and x =7

16 y = and the lines x = =5 and x = —2

4
3x+4
17 y=1—x* andthelines x= —1 and x =1

. 1
18 y=—(4x+ 1)>+ 9 and thelines x = —1 and x=3
19 y=x>— 2%’ andthelines x =0 and x = 2

20 y = e* — sin 2x and the line x = —g and the y-axis

14 Integration 1

21 Find an expression in terms of p for this area.

x
-2
N&ws

0l 1 p X

22 Find an expression in terms of p for this area.

y=e ¥+

0 p X

k
23 Find k(k > 0) given that J3x%dx = 16.
0

24 Find a given that j (92—5x)2dx = g
—a

14.8 Areas above and below the x-axis

In this case the formula needs to be applied carefully. Consider y = x(x — 1)(x — 2) and the
area enclosed by this curve and the x-axis.

y=x>—3x*+ 2x

2

If the definite integral JX3 — 3x% + 2x dx is calculated, we obtain an answer of 0 (remember
0

the calculator uses a numerical process to calculate an integral) and so this result is interpreted

as zero.
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A 2. Work out the areas separately. 0
1 3
A:jx2—4x+3dx B:Jx2—4x+3dx
0 1
1 3 2 : 1 3 2 i
= =-x — 2x* + 3x =|[ =x° — 2x° + 3x
3 o] 3 1
JFOeddn=Y, 021 -15
1 4
=‘3—2+3>—(0)‘ =(9—18+9)—<3>‘
However, it is clear that the area is not zero.
We know that a definite integral for an area below the x-axis provides a negative answer. _4 = _4’ _4
This explains the zero answer — the two (identical) areas have cancelled each other out. 3 3 3
So although the answer to the definite integral is zero, the area is not zero. 3. These areas can be calculated on a calculator (separately) and then added.
To find an area that has parts above and below the x-axis, consider the parts separately. So the total area = 8 square units
3 .
1 /
So in the above example, area = 2 X JXS — 3x% + 2x dx \
o L Example _J
=2 X 1 . o . . _ 5w
4 Find the area bounded by y = sin x, the y-axis and the line x = ER
= % unit? Graphing this on a calculator,
This demonstrates an important point. The answer to finding an area and to finding the
value of the definite integral may actually be different. .__,-'"'
The method used in the example below shows how to avoid such problems. ' — k\_\___.-""f '
- 5
3
Method
1 Sketch the curve to find the relevant roots of the graph. This area can be split into: S
2 Calculate the areas above and below the x-axis separately. T sin x dx
3 Add together the areas (ignoring the negative sign). J sin x dx and
0 i 5
{ T = {—cos x}
\ = | —Cos x -
L Example _J o 5
, , . _ = (—cos ) — (—cos 0) = <—cos7T> — (—cos )
Find the area enclosed by y = x* — 4x + 3, the x-axis and the y-axis. — (=) 3
y 1
: =2 =l-—=)-q@
(-2)-
__3
A 2
| %
0 \\/ X
B
oy
1. Sketch the curve and shade the areas required.
The roots of the graph are given by x> — 4x + 3 =0 h " N
ese results can be - —-
=x—1)(x—=3)=0 found using a JFLx1dx=g JFlxddx=-1.k
= = 7
Y =x=Tlorx=3 \ calculator. So the total area is — square units.

- i /




14 Integration 1 14 Integration 1

Find the area bounded by the curve, the x-axis and the lines given.
9 y=x>—x—-6,x=-2and x=4
10 y=6x,x=—4and x =2

S C R

Find the shaded area on the following diagrams.

1 y=x>-8x+12 1 y=3sin2x,x=0andx=5§
g 12 y:cos<2x—76r>,x=0andx=rr
13 y=4c0s2x x == and X—S—Tr
Y X7 4
0 x 14 y=xX-¢e,x=0and x=4
2y X tox—8 14.9 Area between two curves [
¥ The area contained between two curves can be found as follows.
b b
The area under f(x) is given by Jf(x) dx and under g(x) is given by Jg(x) dx.
0 X
\ b b
. y
So the shaded area is Jf(x) dx — Jg(x) dx. 2(v)
3 y=4sinx ; S
b i |
: ; As long as we always
Combining these giVES Jf(X) - g(X) dx. : i take upper — lower, the
47 0 a b X ) L
a answer is positive and
hence it is not necessary
; x b to worry about above
w .
\/2” This can be expressed as J upper curve — lower curve dx. and below the x-axis.
a
_4_

4 y =55
L Eample_ R

¥
Find the shaded area.
y y =22
—1 X y =4x
0 2
0 X
Find the area bounded by the curve and the x-axis in the following cases.
> y=x(x+3)x = 2) The functions intersect where 2x* = 4x. These int "
6 y=—-(x+4)(2x+1)(x-3) 2 g ese intersection
7 y=xX—-—x>—16x+ 16 =2 = 4x=0 points can also be found
3 2 =2(x-2)=0 using a calculator.
8 y=6x"—-5x—12x—4 Y =x=0o0rx=2 Y
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\ 2 A 1‘ So we need to find A
So the area = J’4X — 2x? dx -0.589 ™
0 J —e* —sin x dx and sinx — (—€¥) dx.
2 . P — ~0.589
=12 2 _ =3
[ T3 J

This function can be drawn using Y1-Y2 and then the area calculated.

-3 ,7"‘-'1 -_-H'“H_F-f
\

o TP =1 198287 FrOdade=sy 417207
The two limits are roots of
the resulting function.
\The total area = 1.32... +24.4... = 25.7 (3 sf) /
LA A —— Area between a curve and the y-axis
\ / Mostly we are concerned with the area bounded by a curve and the x-axis. However, for

some functions it is more relevant to consider the area between the curve and the y-axis.
This is particularly pertinent when volumes of revolution are considered in Chapter 16.

b

m \ The area between a curve and the x-axis is fy dx
a

To find the area between a curve and the y-axis we calculate

Find the area contained between y = —e* and y = sinx from x = —7 to
X = 1.

This is where x is a function
of y.

.
[ This formula is proved in an identical way to the area between the curve and the x-axis,
except that thin horizontal rectangles of length x and thickness 8y are used.

Note that these graphs cross within the given interval. So, we need to find the \
intersection and then treat each part separately (as the curve that is the upper m

one changes within the interval).
Consider y* =9 — x.

N
s — ™\
0 / x
InkspFsection + |
Hz-CEEGIE? |Y=-FEEEiNiZ _~




14 Integration 1 14 Integration 1

10 y = 3cos2x and y = 1 produce an infinite pattern as shown.
A

y

There is no choice here but to use horizontal strips as opposed to vertical strips,
. . 3
as vertical strips would have the curve at both ends, and hence the length of the /\ /\ /\
rectangle would no longer be y and the formula would no longer work. A R 1

JAAVARVAAN

P~

3
= dey
-3
3 Find the area of each shaded part.
= j 9 —y?dy 11 Find the area between y = e, y = 2 — x, the x-axis and the y-axis as
-3 shown.

1 3
9y—§y3 y—ZxK y=e
—3

=27 -9) = (-27 +9)

— 18 + 18
_/

= 36 square units

0 X
Although the integration is performed with respect to y, a calculator can still be \
used to find the area (although of course it is not the correct graph).

12 Find the area between y = 7] y = 4 — x, the x-axis and the y-axis as

f— X’
shown.
& I
|
FECMRT 36 s :
S !
0 4 X
|
|
: y=4-—x
13 Find the shaded area.
Calculate the area enclosed by the two functions. y
1 y=xXy=x
2 y=6xy=3x 14 y = sinx
3 y=xX,y=x
4y=X2,y=\/); 0 g\/ﬂx
5 y=8-x,y=2—-x —17 y = sin 2x
6 y=x>+24,y=3x+ 10x
7 y=10—-x,y=19 — 2x°
8 y=e\y=4—-x 14 Find the shaded area.
1 1
9 y= _EXZ +6x— 10,y = 4x — §X2 and the x-axis. In this case draw the Y

y = 3 cos 2x

graphs and shade the area. 3_¥\ /
17 x




14 Integration 1
15 Find the area of the “curved triangle” shown below, the sides of which lie

. . 1 4
on the curves with equations y = x(x + 3),y = x — ZXZ and y = Z

y y=x(x+3)

Find the area enclosed by the y-axis and the following curves.

16 x=4—
y
\AX\4>*2X
A/
17 ¥ =16 — x

18 8y’ =18 — 2x
19 Evaluate the shaded area i with respect to x and ii with respect to y.

y=V5—-x
y
e -
0 35 X

20 Find the shaded area.

y=2+43"

J\

21 Find the shaded area.

y=e 2+3

]

22 Find the shaded area.

14 Integration 1

y
6
y=4sinx
0 T X
y = 6c0s x
Review exercise
1 Integrate these functions.
8
a4 -7 b 9x* +4x—5 ¢ d 3-2x)°
2 Solve these equations.
dy x*-6 dy dy 32 -Vt
_— = b _— = 2 3 —_ 5 _——=
T o g PB-P) oy 4t

d
3 Given Y —3x 4+ 8 and the curve passes through (2, 8), find the

dx
equation of the curve.

4 Find these integrals.

a J4ex— sin x dx b j7 cosx—%dx C J2e6x—)5(+4sinxdx

5 Find these integrals.
a J6 cos 2x dx b J4e2x dx

4
_ 6 3x __
d j(Bx 2)°dx e J7e Gx — 4)° dx

XZ
7 Find these definite integrals.

6 Let f(x) = \&(2x -~ 3) Find Jf(x) dx.

3

3 2

4p - ——=d b i

a Jp - 17 Jo] Jsm40+1d0 C
0

1

‘]

|

dx

4x — 3

3 cos 20 — 460 do




14 Integration 1

8 Find the area given by these definite integrals.
5 1 %
a jexdx b J4x—5dx C J2c0536d0
2 -3 0

E 9 Find an expression in terms of p for this shaded area.

-

/.

% 10 Find the total area of the two regions enclosed by the curve

y=x>—3x* — 9 + 27 and theline y = x + 3. [IB Nov 04 P1 Q14]
11 The figure below shows part of the curve y = x> — 7x* + 14x — 7.

The curve crosses the x-axis at the points A, B and C.

y

a Find the x-coordinate of A.

b Find the x-coordinate of B.

¢ Find the area of the shaded region. [IB May 02 P1 Q13]
@ 12 Find the area bounded by the curve and the x-axis for:

3
a y=3c0520,0=0and0=%

b y=x*-2¢,x=—-1and x=3
13 Find the area enclosed by:

ay=eand y=6—x°

b y= %,y= 2 — x and the x- and y-axes

14 Find the area between x = 8 — y? and the y-axis.




