Trigonometry 2

Consider the equation below. If all angles are in radians
arctan(1) + arctan(2) + arctan(3) = o

Can you prove this?

———————0———=

The mathematics behind the fact

The hint is in the diagram, since we can check that the angles of the three triangles at
their common vertex add up to 7. Is it possible to find a similar proof for the

arctan ! + arctan Horm
2 3 4
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following equation?

In Chapter 1, we met the trigonometric functions and their graphs. In this chapter we
will meet some trigonometric identities. These can be used to solve problems and are
also used to prove other trigonometric results.

7.1 Identities

An identity is a result or equality that holds true regardless of the value of any of the
variables within it.
L . . o L sin
= means “is identical We met an example of a trigonometric identity in Chapter 1: tan 0 =
" cos 6
to"” although the equals
sign is often still used in
identity work.

Pythagorean identities
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Applying Pythagoras' theorem to the right-angled triangle obtained from the unit circle,

This is an identity and so

sin? @ + cos’ 9 = 1.

This resulted from the definition of sin & and cos @ from the unit circle. We can also see
that it is true from a right-angled triangle.

. X
We know that sin 6 = % and cos 0 = -

By Pythagoras’ theorem, x* + y* = r.

2 2
Sosin? @ + cos? 6 = <}r/> + (i)

X
P

I
-

Finding cos 6 given sin 6
We now know that sin?6 + cos’ 6 = 1.

This is often expressed as sin? 6 = 1 — cos? 6 or cos> 6 = 1 — sin? 6.

L Example g )

1
If sing = 7 find possible values of cos 6.

) ) 1. 1
Since sin § = 7 sin g = —

16
Scosto=1— -
16
B
16
U A As we do not know
cost= 4 which quadrant 0 lies
. . , , , in, cos @ could be
The information could also be displayed in a triangle, and cos 6 calculated positive or negative.

that way.

N Exemple g )

1 . . .
If cos® = 5 find possible values of sin 6.
1
29—
cos” 0 Z
Ssin?6=1 -+
4
_3
4
. V3
=sinf = iT

- J

Taking this identity of sin? @ + cos? # = 1, we can create other identities that are useful
in trigonometric work.

By dividing both sides by cos? 6,

sin 6 cos’6 1
cos’f o’  cos’ o

So

Similarly, by dividing both sides by sin’ & we obtain

| Example _J R

Simplif sin 6 1+ cos 6

R sinf

sin 6 1T+ cosf sin’ @ (1 + cos )2
1+ cos@ sin @ sin (1 + cos @)  sinO(1 + cos )

_sinf@ 4+ 1+ 2cosf + cos’ O
Bl sin 6(1 + cos 6)
2+ 2cosf
~sin6(1 + cos 6)

2

\ T sineg /

Identities are often used to simplify expressions.

Questions involving simplification can also be presented as proving another identity.

7 Trigonometry 2
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\ A - , 5 A
=sin“0 —5sinf = —3 cos” 6

int o =sin’0 — 5sin = —3(1 — sin? )
sin _ ,
Prove that an e = sin 6 cos f — sin @ cos® 6. =2sin’6+5sinh —3=0
=(2sin6 —1)(sin6+3)=0
sin® 6 1
LHS = ino=—orsing = —
tan o =sin 6 2or5|nt9 3
sin® 6 cos 6 , . _ . e m 5
= Since sin § = —3 has no solution, the solution to the equation is 8 = —, —.
sin 6 \ 6 /
= sin® 6 cos 6
= sin@sin’ 6 cos 6
= sin # cos (1 — cos” ) i
= RHS
\ / These Pythagorean identities can also be used to help solve trigonometric equations.
1 For the given values of sin 6, give possible values of cos 6.
When faced with this type of question, the strategy is to take one side (normally the left- _ 1 _ 1 _ 5 _
hand side) and work it through to produce the right-hand side. asing=-— bsing= va o oo 0=5 d sing =3
m \ 2 For the given values of cos 6, give possible values of sin 6.
0 = V3 b 0= 4 0=4 d 0=02
Solve 3sec’§ + 2tan® — 4 =0 for 0 =6 < 2m. a o= 0 =73 € o= cosv =5

3 Prove the following to be true, using trigonometric identities.

Using sec’ @ = tan* @ + 1 this becomes . .
a cos’ftan 6 = sin6 —sin’ 0

3(tan?@ + 1) + 2tanh — 4 =0
=3tan’f +2tanf—1=0

b cos®6 =cos® — 2 sin? 6 cos 6

c (4sinh + 3cosh)? + (3sinh — 4cosh)’ =25
By using the identity, the equation has been transformed into one that involves d (sech — 1)2 — 2 secd = tan? 0

only one type of trigonometric function, tan 6. . .
4 If cot’ # = 8, what are possible values for sin 6?

This is a quadratic equation where the variable is tan 6. It can be solved using 5 Simplify these.
factorisation or the quadratic formula. 6 — 6 cos? 0 Ssin® 6 + sin 6 cos2 6
a ——— —
Here, 3tan’6 + 2tanf — 1 =10 2sin 6 cos 0
=(3tand — 1)(tan@ + 1) =0 c tan? 9 — sec’ 9 d 7 cos* 6 + 7 sin? 0 cos? 0
1 csc sin? 6
= tanf =-ortanf = —1 5 5 5 5
3 6 Prove that tan? ¢ + cot’ ¢ = sec® ¢ + csc? ¢ — 2.
—60=0322,1010r6 = 3l /m 7 Solve these following equations for 0 = 6 < 27.
\ 4 / a csc?f+ cot?h =5 b sin6+2cosfh—1=0
c 3tanf =4sec’f — 5 d cotf +tang =2
e 6cot?’f + 13cschH—2=0 f cosf —2sin?6=—1

\
@ 7.2 Compound angle (addition) formulae

Solve tan @ + 3 cot @ = 5sech for 0 =6 < 2m.
These formulae allow the expansion of expressions such as sin (A + B).
Here we can use the definitions of each of these three trigonometric functions
to simplify the equation. It is very important to recognize that sin (A + B) # sin A + sin B.

This becomes clear by taking a simple example:

sing 3 cos# 5
+ —

cos 0 sinf  cos @ sin 90° = sin(30 + 60)° =
sinf —5 —3cosé
\ T s6  sine Y . . 1 V3
/ But sin 30° + sin 60° = — + —= =137 (# 1)
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The six addition formulae are:

sin(A

The formula for cos(A — B) can be proved as follows: Y

Take two points on the unit circle, as shown.

These two points have coordinates / \
AN

M(cos A, sin A) and N(cos B, sin B). -1 1 X

The square of the distance from

. . A’ 3 A 2 .
M to N is given by Pythagoras’ theorem: M (cos 4, sin 4) N (cos B, sin B)

MN? = (cos A — cos B)? + (sin A — sin B)?
= cos? A — 2cos A cos B + cos? B + sin? A — 2 sin Asin B + sin’ B

=1+1—2c0sAcosB—2sinAsinB
= 2 — 2(cos A cos B + sin A'sin B)

Using the cosine rule in triangle MON:
MN? =12+ 12 -2 X 1 X 1 X cos(A — B)
=2 — 2 cos(A — B)

Angle MON = angle A — angle B

Equating these two results for MN?Z:
2 —2cos(A—B)=2—2(cos Acos B + sin Asin B)
Cos(A — B) = cos A cos B + sinAsinB

The other formulae are easily proved from this one. The starting point for each is given
below:

cos(A + B) = cos|A — (—B)]

sin(A — B) = cos[z - (A - B)} sin(A + B) = sin|A — (—B)|

sin(A — B)

tan(A — B) = 7COS(A —p)

tan(A + B) = tan|A — (—B)|

Using 15° = 60° — 45°, find the exact value of cos15°.

cos 15° = cos(60 — 45)°
= €0s 60° cos 45° + sin 60° sin 45°

33 (73

1, V3
2V2  2V2

1+ V3

N V2

Prove that 2 cos<0 + 73T> = cosf — \V3sin 6.

LHS =2 cos<0 + 73T>

=2 cosecosz—sinesinz
3 3

1 V3
= 2<2cos 0 — Tsm 0>

\ = Cos 0 — \@sin(a:RHS

Simplif tan 96° — tan 51°
Py T tan 96° tan 51°°

Recognizing this is of the form tan(A — B), it can be written

tan 96° — tan 51°
1 + tan 96° tan 51°

= tan(96 — 51)°
= tan 45°

\_ =

AN

In the diagram below, find the exact value of cos ABC.
A

7 Trigonometry 2

This is a typical non-calculator
question.
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A A A

Using Pythagoras’ theorem, we can calculate BC to be 4 and AB to be 13. worth remembering the

Pythggorean triples (and ) 1 By considering 75° = 30° + 45°, find these.
Hence cos x° = ﬂ cos y° = > multiples thereof) such as: asin75% b cos75 ¢ tan75°
5 13 3,4,5 2 Find sin 15° by calculating
Sinx° = =, sinyo = 12 512,13 a sin(60-45° b sin(45-30)°
5 13 3 ;Z ;; 3 Find the exact value of cos 105°.
So cos ABC = cos(x + y)° S 4 Find cos% by using the fact that 111—277 = % + 2?77

= C0S X° oS y° — sin x° sin y° -
~ <4 y 5> - <3 y 12> 5 Prove that 4S|n<0 - 6> =2V/3sin6 — 2 cos 6.
> 13 > 13 6 Prove that sin(x + y) sin(x — y) = sin®x — sin’ y.
_20_36
65 65 7 Prove that csc (; + 0) = sec 6.
16 o
65 8 Simplify these.
\ / a cos 310° cos 40° + sin 310° sin 40°
. M . Mo 7
b sin—cos—— + sin——cos—
These identities can also be employed to solve equations, as in the following examples. 9 Aand B are agute angles6as shozvvn

L Example __ 7
3
Solve cos 0 = sin(() + Tr) for 0 =6 < 2. A B
3 4 24
C0s 6 = sin 6 cos — + cos O sin — The difference between this Find these.
3 3 _ . . a sin(A + B) b cos(A — B) c tan(B — A)
type of question and an identity
= C0sf = 1sin 0+ —3cos ) should be noted. An identity 10 In the diagram below, find cos PQR.
2 2 holds true for all values of 6,
2-V3 1 . whereas this equation is true R
= 2 cos 6 = 2 sin 9 only for certain values of 6.
= tanf=2-V3 b

6 = 0.262, 3.40
- - J

 Eremele g h |
Q P

Solve cos(45 — x)° = sin(30 + x)° for 0° = x° < 360°. 4
€os 45° cos x° + sin 45° sin x° = sin 30° cos x° + cos 30° sin x° 11 In the diagram below, find sin ABC.
=>Lcosx°+Lsinx°=lcosx°+—35inx° c
\fz \/5 2 2
=>£cosxo = usin x°
2 2 0
= tan x°® = h
Vi \V2 :

°=0525° 232.5°
\ =X / N .
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12 In the diagram below, find tan PQR.

R

. . . 3 . 2 . . .
13 Ais acute, Bis obtuse, sin A = 7 and sin B = 3 Without using a calculator, find
the possible values of sin(A + B) and cos(A + B).

14 Solve cos(45 — x)° = sin(30 + x)° for 0° = x° < 360°.

15 Show that cos<% + 0) — sin(% — 0) = 0.

. 1 .
16 The gradients of OP and OQ are 3 and 3 respectively.

Find cos PéQ.
Q

17

10
7

6 24

For the triangles above, and by considering 2A = A + A, find these.
a sin 2A b cos2A c sin 28 d cos 2B

18 Solve the following equations for 0° = x° < 360°.
a sin(x + 30)° = 2 cos x°
b cos(x + 45)° = sin(x + 45)°
¢ 65sinx° = cos(x + 30)°

19 Solve the following equations for 0 = 6 < 2.

a sinf + cosh = cos<0 - %)

b tan t‘)+Z —sinz
4 3

C cosx+2—77 = sin x+3—77
3 4

7.3 Double angle formulae

It is useful to consider the special cases of addition formulae that are the double angle
formulae.

sin 2A = sin(A + A)
=sinAcosA + cosAsin A
=2sinAcos A

cos 2A = cos(A + A)
= CoSA CosA —sinAsin A
= cos? A —sin’ A

tan 2A

tan(A + A)

_ tanA +tan A

1 —tanAtan A
2tan A

1 —tan’ A

It is often useful to rearrange cos 2A by using the identity sin? A + cos? A = 1.

So cos 2A = cos? A — sin? A
=1-sin?A—-sin’A
=1-2sinA

Or cos 2A = cos’> A — sin? A

cos? A — (1 — cos® A)

=2cos’A— 1

In this chapter we have met the Pythagorean identities, compound angle formulae and
double angle formulae. These are all summarized below.

7 Trigonometry 2
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By considering g as 2<Z> use the double angle formulae to find these.

T T T
(a) smE (b) cos; (©) tanE

(a) sing = 2 sinZcos—

474
1 1
=2 X —= X ——
V2 2
1
zzxi
2
=1
m_ 2T 2T
(b) cos2 cos 4 sin 4
) ()
V2 V2
Ztan%
a
() tan— =
2 1 —tan2 2
4
2
1T =1
_2
0
O

\

Find cos 26.

9
Clearl 6=—
early cos 15

So cos20 =2 cos’ 0 — 1

9 2
=2 =) -1
()

62

- 225
63

\ 225

 Example g )

\ =3sing —4sin®0 /

L Example g )

\ =8cos*H — 8cos’h + 1 /

L Example )

Find an expression for sin 36 in terms of sin 6.

sin 36 = sin(26 + )
= sin 26 cos 6 + cos 26 sin 6
=2sinfcoshcosh + (1 —2sin’0)sin 6
=2sinfcos’f +sinfh —2sin’ 0
=2sin6(1 —sin?0) +sind — 2sin’0
=2sinf —2sin*0 +sinh — 2sin’ 6

Find an expression for cos 460 in terms of cos 6.

Here we can use the double angle formula — remember that the double angle
formulae do not apply only to 26; they work for any angle that is twice the size
of another angle.

Cos 40 = 2 cos® 20 — 1
=2(2cos? 6 — 1) — 1
=2(4cos*0 —4cos’O+ 1) — 1

. . 1—tan’6
Prove the identity ————— = cos 26.
1+ tan“ 0
1 —tan? 0
LHS = 2
1+ tan“ 60
_ 1= tan® 6
 sec?f

sin%
cos? 6(1 - =
cos” 6

= cos’ 6 — sin’ 6
cos 260 = RHS

- /

L Example )

Y

sin 4a

Prove the identity tan 3a + tana = ——F7——.
COS 3a COS «

In this example, it is probably easiest to begin with the right-hand side and show
that it is identical to the left-hand side. Although it involves what appears to be
a double angle (4«), in fact it is not useful to use the double angle formulae.

7 Trigonometry 2
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A A 3
To recognize this, it is important to look at the other side of the identity and 7.4 USlng double angle formulae B
realize what the goal is.
? Half angle formulae
RHS = _ sinde It is useful to rearrange the double angle formulae to obtain formulae for a half angle.
Cos 3a COs a We have seen that double angle formulae can be applied to different angles.
sin(3a + «)
=07 . . 1 1
COS 3a COS @ So we can find expressions for cosze and smzo.
_sSin 3 Cos a + €os 3a sin o
N €os 3a COos « These formulae are particularly applied when integrating trigonometric functions (see
_sin3acosa | cos3asina Chapter 15).
COs 3a COsa  COS 3a COS a cos 26 = 2 cos’  — 1 can be rearranged to

tan 3a + tan a = LHS /

-

2 cos’ 6 = cos 26 + 1

1
= cos’ 0 = E(cos 20 + 1)

1

1 Use the double angle formulae to find these.

a sinz—w b cosS—W C tanz—w
3 3 3
2 Find sin 26.
Similarly
5 1 — 2sin?6 = cos 26
A = =2sin0 =1 — cos 260
12 1

=sin’ @ = —(1 — cos 20)

3 Find cos 26. 2

1
=5sin 0 = +, /5(1 — cos 26)
17
8
)

. . . 1
4 Given that 0 is an acute angle with tan 6§ = > calculate the exact value of these.

a sing b cos6 m
5 Find an expression for cos 56 in terms of sin 6§ and cos 6.

6 Find an expression for sin 66 in terms of sin 6. Find the exact value of cos 15°.
. . . 12 .
7 Find the exact value of cos 26 given that sin 6 = 3 (0 is not acute). 1
1 — cos 20 cos 15° = E(cos30°+ 1)
8 Prove that tan 6 = Tanoe
1+ 2Sln in 2 1<\/3+1>
Cos sin N
9 Prove that ——— = Y 2\ 2
sin 2y 1 — cos 2y
cos 2¢ = 1<2 h \[3>
10 P that +si = -
rove that cos ¢ + sin ¢ s —sin 2 2
11 Show that cos 30 — sin 40 = 4 cos® (1 — 2 sin 0) + cos 6(4 sin 6 — 3). — &
12 Prove that CosAESNA _ sec 2A + tan 2A :
CcosA —sinA ' V2+1\V3
. 2t 2
13 Prove that sin 2a = _clane \ /

1 +tan’a’
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Trigonometric equations involving double angles

We covered basic equations involving double angles that can be solved without using

the double angle formulae in Chapter 1.

Solve sin 2x° = \§§ for 0° = x° < 360°.

v
. \@ S
sin 2x° = ——

2
= 2x° = 60°, 120° T

\=>X° = 30°, 60°, 210°, 240°

> <

\

J

However, if there is another trigonometric term involved (and we cannot use a calculator

to solve the equation), then factorisation methods need to be employed.

Solve sin20 —sin® =0 for 0 =6 < 2.

sin20 —sin® =0
=2sinfcosh —sind =0
=sinf2cosf —1)=0
=sinf@=0o0r2cosh®—1=0

=0=07 =cos0=

o
"3

w3y N=

=0 =

Soe=0,z,7r orl.

\ 3 3

\

Solve cos 2x° — 5 cos x° = 2 for 0° = x° < 360°.

Cos 2x° — 5 cos x° = 2
=2c0s’x° — 1 —5cosx° =2
=2cos’x° —5cosx°—3=0

= (2 cosx° + 1)(cosx® —3)=0
=2cosx°+1=0o0rcosx®°—3=0

1
= C0S X° = —Eorcosxc’ =3

\ = x° = 120°, 240°

cos x° = 3 has no
solution.

7 Trigonometry 2

Solve 3cos20 + 11sinh = —4 for 0 =0 < 2.

=3(1—2sin?0) + 11sind+4=0
=3 -6sin’0+ 11sinf+4=0
=6sin’— 11sinh—7=0
=3sind—7)2sine+1)=0

=>sin0—zorsin9— —l
3 2

=0="—" —

\ 6° 6

The form of cos 26
required is determined
by the other term in the
equation (sin or cos).

) 7
sin 6 =§ has no

solution.

J

An equation of this type is often solved using a calculator (when it is available). In fact,

in some

cases this is the only appropriate method.

Solve sin 3x° + cos 2x° = 1 for 0° = x° < 180°.

x° = 0°,40.6° 139°
-

\

J

Exercise 4

1

u ~» W N

Prove tan<g> = (sch — cot .

Prove 2 sinzgE 1 — cos 6.

Find the value of sin 75°, using a half angle formula.

Find the exact value of cos%, using a half angle formula.

Solve these equations for 0 = 0 < 2.

asin20=\2/3 b 6cos20+1=4

Solve these equations for 0° = x° < 360°.

a sin2x° —cosx° =0 b sin2x° —4sinx°=0

C Cos2x° —cosx°+1=0 d cos2x° —4sinx°+5=0
e cos2x°+5cosx°—2=0 f cos2x°+3cosx°—1=0
h

g 2cos2x°+cosx°—1=0 cos2 =7sinx°+ 4
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7 Solve these equations for 0 = 6 < 2.
a cos26 +cosh =0 b sin20 +sine =0

Cc 2cos20+1=0 d sin20 —cos6 =0
e (oS 260 = cos 0 f cos20 =4cosf + 5
g cos 26 =sinf + 1

8 Solve these equations for —7 =60 < 7.
a sin20=2sin6 b cos20=1—-3cos8
C 2cosf@+2=cos20+4 d cos20+3cosf+2=0

9 Solve these equations for 0 = 6 < 2#. Give your answers to 3 sf.
a 6cos20 —5cos6+4=0 b 2cos260-3sinf+1=0

7.5 Wave function

This refers to functions of the type f(x) = a cos x° + b sin x°, where there are both
sine and cosine terms in one function.

What does the graph of this type of function look like?

This is the graph of y = 2 cos x° + 3 sin x°:

3.61

[
\V

—3.61+

It appears to have all of the properties of a single trigonometric function, in that it is a
periodic wave with symmetrical features. As its maximum and minimum values are
numerically the same, we can conclude that there is a stretch factor involved. As the
graph begins neither on the x-axis nor at a maximum/minimum, there must be a
horizontal shift.

This suggests a function of the form k cos(x — a)°.

We can check this by finding k and «°.

| Example R

Express f(x) = 2 cos x° + 3 sin x° in the form k cos(x — a)°.

We know that k cos(x — a)°® = k cos x° cos a® + k sin x° sin a°, so for f(x) to
be expressed in this form

2 cos x° + 3sin x° = k cos x° cos a® + k sin x° sin a°

Comparing the two sides, we can conclude that

ksina® =3

kcosa® =2

By squaring and adding, we can find k:

k? sin? a® + k? cos? a® = 32 + 22
= k*(sin? a® + cos? a®) = 13
=k>=13

Y =k=V13 Y

Although this part of
trigonometry is not
explicitly stated as part
of the IB HL syllabus, it
is really an application
of compound angle
formulae and is worth
studying.

A
By dividing, we can find «o°:

k sin a® ., 3
kcosa® an « T2
=>a°=’[an‘é
2

= a° = 56.3°

It is vital to consider which quadrant «° lies in. This is best

achieved using the diagram. T C
In this case, we know that \g Nd
ksina® = +
v
kcosa® = + T c

Since k > 0 (always), we can see that the quadrant with two ticks in it is the
first quadrant.

So here «° is acute.

\Hence f(x) = 2 cos x° + 3sinx° = V13 cos(x — 56.3)°. /

Method for wave function
/To express a function of the form f(#) = asin 8 + b cos 6 as a single trigonometric\
function:
1. Expand the desired form using the compound formula (if no form is given, use
k cos(x — a)°).
2. Compare the two sides to find k sin «® and k cos a° (write them in this order).
3. Square and add to find k2.
4. Divide to find tan a°.

Q Use the positivity diagram to find «°. /

L Example )

Express 3 cos x° — 4 sin x° as k cos(x — «)°, kK > 0, 0° < a° < 360°.

Let 3 cosx° — 4 sin x° = k cos(x — a)°
= k cos x° cos a® + k sin x° sin a°
So ksina® = —4
kcosa® =3
Squaring and adding:
k2 sin? a® + k% cos® a® = (—4)* + 3?

k? = 25
k=5
Dividing:
ksina":tanaoz_ﬂ q R
k cos a° 3
4 v W
tan-1<> = 53.1° Tc
3
So a° = 360° — 53.1°
= 306.9°
\Hence 3 cosx°® — 4sinx° =5 cos(x — 306.9)° /

7 Trigonometry 2
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It is not always the form k cos(x — «)° that is required, but the method is precisely the

same.

So—ksina =1
= ksina = —1
and kcosa = V3

\

Express cos 6 + \V3sin6 as ksin( —a), k>0,0=a < 27.

Let cos @ + V3 sing = ksin(6 — «)

Squaring and adding:
K2sin? a + k2 cos? a = (—1)2 + /32

k> =4
k=2
Dividing:
ksina M= — 1 s | av
k cos a * V3
1 ™|
tan1<> =
V3
a
=2 - —
So « T 6
Mz
6

. ) 11
Hence cos 6 + \@sm 0=2 sm(@ — 7T>

\

= ksin 0 cos o — k cos 0 sin «

6

/

This method works in the same way for functions involving a multiple angle (as long as
both the sine and cosine parts have the same multiple angle).

So ksina =1
kcosa =1

Find the maximum value of () = cos 20 + sin 26 and the smallest possible
positive value of # where this occurs.

First, express this as a single trigonometric function. Any of the four forms can
be chosen, but the simplest is generally k cos(260 — «).

Let f(6) = 1 cos 26 + 1sin 20 = k cos(20 — «)

\

= k cos 20 cos a + Kk sin 20 sin «

Squaring and adding:
k?sin® a + k? cos? a = 12 + 12

K> =2
k=\2
Dividing:
kSIna=tana=l:1 % N
k cos a 1
tan~'(1) = = T | &
4
aa
SO a=—
0« 2

Hence cos 20 + sin 20 = \/2 cos<20 - Z)

The maximum value of f(8) is V2. This normally occurs when 6 = 0 for

cos # and so here

T
20——=0
4
a
=20 =—
4
:>(9—z
8

- J

This method can also be used to solve equations (if no calculator is available).

 Example g )

Solve V/3 cos 26 —sin20 — 1 =0 by first expressing /3 cos 26 — sin 26 in
the form k cos(20 — «).

Let V/3 cos 26 — sin 20 = k cos(20 — a)
= k €os 20 cos a + k sin 20 sin «
So ksina = —1
kcosa=\V3
Squaring and adding:
K2sin? a + K> cos? a = (—1)2 + /32

k? =4
k=2
Dividing:
ksina_tan _ -1 v
kcosa a_\@ S| A
()2
an"|—=|=—
V3/ 6

7 Trigonometry 2

There will be an infinite
number of maximum
points but this is the
first one with a positive
value of 6.
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A

ar
S =27 — =
0O« ar 6
Nz
6
. 1
Hence \@cos 20 —sin20 — 1= 2cos<20 —6>—1

The equation becomes

2cos<20—1:5”>—1:0

11 1
= cos<26 - W) =

6 2
#20—”—”-15—77
6 3" 3
137 21w
=>20—T,?
137 21w
X

There will be two more solutions one period away (7 radians).

97 13w 21
5o g ™ 9m 13m 21w

S 12°127 127 12
\ /

1 Express each of these in the form k cos(x — @)°, where kK > 0, 0° = a° < 360°.
a 6cosx°® + 8sinx° b 5cosx® + 12sin x°

C Cos x° — 3sin x° d sinx° — 2 cos x°
2 Express each of these in the form k cos(f — «), where k > 0,0 = a < 2.

a V3cos0—sin b cos6 —sin6
C —cosf —2siné d V3sino - coso

3 Express each of these in the form k cos(x + «)°, where k > 0, 0° = «° < 360°.
a 15cosx° — 8sinx° b 2.5cosx° — 3.5sinx°

4 Express each of these in the form ksin(f + a), where k > 0,0 = a < 27.
a V3cos0 —sin b cos6 —sin6

5 Express each of these in the form ksin(x — «)°, where kK > 0, 0° = a° < 360°.
a —sin x° — 3 cos x° b /3 cosx® — sin x°

6 Express each of these as a single trigonometric function.
a Cos 2x° + sin 2x° b cos 3x° — V3 sin 3x°

¢ V27 cosf — 3sind d sin 300 — cos 300

7 Without using a calculator, state the maximum and minimum values of each
function, and the corresponding values of x°, for 0° = x° < 360°.

a f(x) =5cosx° — 5sinx°
b f(x)=\@cosx°—sinx°+5
¢ f(x) = 7sin2x° — 7 cos 2x° + 1
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8 State the maximum and minimum values of each function, and the corresponding
values of 6, for 0 =6 < 2.
a f(#) = V/8sin6 — 2 cos 0
b f(9) = —\V/3 cos 30 — sin 36
c f(o) = V6 sin 80 — V2 cos 80 — 3

9 By expressing the left-hand side of each equation as a single trigonometric function,
solve the equation for 0 = 0 < 2.

a cosf —sing=—1 b V3cos6—sing=\3
C cosf —sinh =1 d cos40—\@sin40=1

10 By expressing the left-hand side of each equation as a single trigonometric function,
solve the equation for 0° = x° < 360°.

a 3sinx°—5cosx° =4 b 8cos3x° + 15sin3x° =13

Review exercise

. 1 .
If sinx°® = > what are possible values for cos x°?

For the billiards shot shown in the diagram,
a prove that

i sing° =sin2p°
ii cosq° = —cos 2p° b
b Find the value of N2 -
i sing® i cosg°
; L
, ksin(ae + B) > k
Show that, for triangle KLM, m = ————.
sin « " M

1 +sin2¢=cos¢>+sin¢
c0s2¢  Cosd —sing’ K>

Prove that 2 csc x = tan <)2(> + cot <)2(>

Solve the equation cos 6 + cos 30 + cos 50 = 0

for0=0 <.

The function f is defined on the domain [0, ] by f(6) = 4 cos 8 + 3 sin 6.
a Express f() in the form R cos(@ — «) where R > 0,0 = a < 2.

b Hence, or otherwise, write down the value of 6 for which f(9) takes its maximum

Prove that

value. [IB May 02 P1 Q12]
Find all the values of 6 in the interval [0, 7] that satisfy the equation
cos 6 = sin’ 6. [IB May 03 P1 Q2]

Use the fact that —15° = (45 — 60)° to find sin(—=15)°.

In the following diagram, find cos(a + B).
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& 11 Find csc 22.5° by using a half angle formula.

v 3 12 Find tan 26.

1 AN
5

% 13 Express \V/48 cos § — 8 sin 9 in the form k sin(@ — a) where
- k>00=a<2w.
,=‘,.__vf 14 Express 6 cos 8x° — 6 sin 8x° in the form k cos(8x — a)°. Hence solve
6 cos8x° — 6sin8x° + 7 =1 for 0° = x° < 90°.
3tan @ — tan’ 6
1+ 3tan’6

X 15 Prove that tan 30 =

E 16 K is the point with coordinates <sin<0 + g) cos<0 — g)) and L has coordinates

6 6
gradient of the line KL.

(sin(@ - Tr), cos<0 + Tr)) Find, in its simplest form, an expression for the

% 17 The rotor blade of a helicopter is modelled using the following diagram, where
) TUVW is a square.

a Show that the area of OTUVW is
S 1 .
A =sin 0+Zsm 20

b Express the area in the form k cos(20 — a) + p.
¢ Hence find the maximum area of the rotor blade, and the smallest positive value
of 6 when this maximum occurs.




